T he general re su lt is th a t th ere m ay he as m any form s of solution as th e re are variables (the differential equations being of the first order, to w hich th e y m ay alw ays be reduced). Each form is derived from th e one before by th e process of finding th e envelope, and each con tain s few er a rb itra ry constants by one th a n th e form from which i t is d irectly derived.
T he general th eo ry is given in § 2 fo r th e case when th e differential coefficients are given explicitly in term s of th e variables. I n § 3 it is extended to th e case w hen th ey are given im plicitly, and in § 4 it is show n how th e sin g u lar solutions are to be form ed from th e differen tia l equations them selves. In § § 5-9 the theory is connected with th a t of consecutive solutions belonging to th e com plete prim itive.
§ § 10-13 are tak en u p w ith geom etrical in terp retatio n s relating to plan e curves, and also to curves in space of n + 1 dimensions, w + 1 being th e nu m b er of variables. In § § 14-16 th e case is discussed in w hich a system of sin gular solutions is included in a form er system or in th e com plete prim itive. T he re s t of th e paper contains th e application of th e theory to ce rta in exam ples. T he first exam ple ( § § 17-21) is th e case of the " lines in tw o o sculating planes " of a tw isted curve, and in particular of a tw isted cubic. T he p artic u la r example is given by M ayer and S erret. T he second ( § § 22-26) is th a t of th e congruency of common tan g en ts to tw o quadric surfaces, and generally ( § § 27-38) of the b itan g en ts to an y surface. The th ird ( § § 39-49)is th a t of th e essen tially different k in d of congruency w hich consists of th e inflexional tan g en ts to a surface. I t seems n a tu ra l to call these two kinds of congruency b i t a n g e n t i a land inflexional respectively. The fo u rth ex am ple ( § § 50-52) is th a t of a system of conics touching six planes. T h e fifth ( § § 53-60) is th a t of a doubly infinite system of parabolas in one plane, th e differential equation being a case of an extension of C lairau t's form y = p & +/(_£>)» which is explained in § § 53-55. X II. " The Spectrum Changes in /3 Lyrae. Preliminary Note." By J. N o r m a n L o o k y e r , C.B., F.R.S. Received June 13, 1894.
T he spectrum of this well know n variable sta r was first investi g ated photographically by Professor P ickering, a t H a rv ard College O bservatory, and a prelim inary account of th e results was published in 1891.* D a rk and b rig h t lines were found to be associated in the spectrum , and fu rth er, th e b rig h t lines were found to change their positions w ith respect to th e corresponding dark ones according to th e interval of tim e which had elapsed since the preceding minimum. I t m ay be re m a rk ed th a t th e period of tb e lig b t-ch an g es of th e star is about tw elve days tw enty-tw o hours, an d th e re are tw o approxim ately eq u al m axim a of m ag. 3 4 , a p rin cip a l m inim um of mag. 4*5, and a secondary m inim um of 3 '9, th e period of variation stated being th a t w h ich elapses betw een tw o successive p rin cip al minima.
Professor P ic k e rin g fo und th a t d u rin g th e first h a lf of th e period-th a t is, betw een p rincipal a n d secondary m inim a-th e b rig h t lines were on th e less re fran g ib le sides of th e corresponding d a rk ones, w hile d u rin g th e second h alf th ey w ere displaced to th e m ore refrangible sides. H e fu rth e r re m a rk ed th a t " th e a c tu a l changes in the spectra, w hen stu d ied in detail, are m uch m ore com plicated th a n has been stated above, and show a v a rie ty of in term ed iate phases and changes in th e d a rk as w ell as in th e b rig h t lin es."
A t P rofessor P ic k erin g 's request, I took up th e w ork a t K en sin g ton in J u ly , 1891, th e in stru m e n t em ployed being th e 6-inch H e n ry object glass an d p rism of 7^°, w hich I h av e described in a previous com m unication.* Several p h o tographs w ere tak en w ith th is in s tru ment, b u t i t was n o t u n til th e new 6-inch prism of 45°'f' was em ployed in tbe research th a t a n y considerable advance w as m ade. W ith th e higher dispersion of th is in stru m e n t th e sp ectru m is depicted in greater detail, a n d m ore m in u te changes can therefore be d e te r mined.
Since m y w ork w as com m enced, accounts of th e photographic spectrum of /3 Lyrse have been published by B elopolsky,J F a th e r Sidgreaves, § a n d Vogel, || and various suggestions have b een m ade by them and o th ers as to th e conditions w h ich b rin g about th e v aria bility.
On this account, although th e reductions of th e sixty-four photo graphs w hich I have obtained are n o t y e t com pleted, I have th o u g h t it desirable to give a b rief resume of th e facts already acquired.
F or th e com plete stu d y of th e problem m ore photographs w ill be required, an d a considerable am ount of tim e w ill be required fo r th e discussion of them . T he present com m unication, therefore, is lim ited to a prelim inary consideration of th e variatio n in th e spectrum as photographed a t K ensington, and I have consequently in i t om itted reference to th e results obtained by o th er w orkers. In a subse quent paper, however, a com plete history of th e subject will be given.
To facilitate references to th e spectrum , th irte e n photographs-* * * § roughly one fo r each day of th e period-are given in P la te 1. These have been enlarged about th re e tim es from th e original negatives.* A s i t is a m a tte r of g re a t difficulty to m ount a series of such photo g raphs show ing th e exact coincidences of th e lines, in comparing the different sp ectra in th e plates some allowance m u st be m ade for the slig h t differences in scale. F u rth e r, it is rig h t to add th a t probably some of th e fa in te r lines show n in th e photographs are artificially produced by th e process of enlargem ent, b u t th e re al lines will be read ily identified b y th e ir appearance in m ore th a n one sp ectru m ; the lines of p a rtic u la r in te re st are indicated in P la te 2 (p. 283).
T he lig h t curve w hich form s p a rt of P la te 1 is constructed after A rg elan d er's d ra w in g ,f and th e dotted lines draw n from th e spectra to th e period scale indicate th e re la tio n of each photograph to the lig h t curve.
I proceed to state, step by step, th e results of th e prelim inary exam ination of th e photographs, a n d to indicate th e spectral pheno m ena on w hich they are based.
The spectrum is constant at the same interval fro m principal m inim um .
A p a rt from th e slight differences w hich seem to be accounted for by differences in th e atm ospheric conditions and consequently in the q u ality of th e negatives, th e spectrum appears to be th e same a t the sam e in terv a l from m inim um . The photographs reproduced in P la te 1 h av e been selected as being specially suitable for reproduc tion, b u t a t m ost of th e phases duplicates w hich are practically iden tical have been obtained. 3. There are two bodies involved giving dark line spectra. On reference to P la te 1 it w ill be seen th a t at, and ju st before and a fte r th e second m axim um, some of th e d ark lines are doubled. This indicates tw o sources of lig h t giving d ark line spectra and moving relatively to each o th er in th e direction of th e line of sig h t. W hen th e relativ e m ovem ent in th e line of sig h t is zero, none of th e lines are doubled. T he la tte r condition occurs about th e tim e of the two m inim a.
The m axim um relative velocity o f the two dark line components in the line o f sight is about 156 miles per second.
The The spectra of th e tw o com ponents can readily be separated, fo r the reason th a t only lines common to b o th w ill be doubled. A m ong these are th e lines of hydrogen. Lines special to e ith e r com ponent are always single, and th ey re ta in th e sam e relative positions w ith respect to one group of h ydrogen lines th ro u g h o u t the period.
In P late 2 p h otographs are given to facilitate an analysis of th e compound d a rk line spectrum . A t th e bottom of th e diagram is a reproduction of a p h otograph ta k e n near th e tim e of second m axim um (August 24, 1893), an d th e spectra of R igel and B ellatrix are in cluded in th e sam e plate. T he com pound character of th e d ark line spectrum of y3 Lyrse a t th is tim e is show n by th e fact th a t one group of lines corresponds very closely w ith those w hich appear in th e spectrum of R igel, and w hen these are subtracted from the whole spectrum, a spectrum closely resem bling th a t of B ellatrix re m a in s , the la tte r spectrum being displaced in th is photograph to th e m ore refrangible side, as show n by th e short lines draw n beneath the spectrum. T he resem blance of th e two com ponents to R ig el and Bellatrix respectively, th e spectra of w hich I have described in a previous paper,* is fu rth e r shown by th e following tab u lar com parison, th e two dark line com ponents of /3 Lyrse being called R and B respectively (p. 282).
I t is not in tended to suggest th a t th e spectra of the tw o d a rk line components are quite identical w ith those of R igel an d B ellatrix. These are sim ply th e best know n stars which th ey m ost closely re semble, and th e sim ilarity is pointed ou t as an indication th a t we have not to deal w ith bodies of an unfam iliar type. Throughout th e paper I shall refer to th e two com ponents as R and B respectively.
The conditions a t first maximum, as shown in P la te 1, are not so simple as those a t second m axim um , though there is evidence to show th a t at th is point of the lig h t curve the com ponent B is reced ing w ith respect to R . As w ill be seen on reference to the photo graph of M arch 13, 1894, the hydrogen lines are broadened, and the Prof. J. N. Lockyer.
[June 21, The differences in the intensities of the dark lines special to R and B, near the two minima, indicate th a t near, the principal minimum R is partially eclipsed by B, while near secondary minimum B is par tially eclipsed by R. These changes will be seen on Plate 1, and again in P late 2. In the latter we have comparisons of /3 Lyras at the two minima with B ellatrix and Rigel. If we leave the bright lines out of consideration, it will be seen th at near principal minimum,
T he Spectrum changes ft
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th e sp ectru m of (3 Lyrae g re atly resem bles th a t of B ellatrix, the com p o n en t B in th is case lying betw een us and com ponent R. As the eclipse is n o t to tal, however, th e lines special to R appear with reduced in te n s itie s ; th e lines joining th e spectrum of /3 Lyrse to that of B ellatrix in d icate th e prin cip al lines of com ponent B. A t the secondary m inim um , on th e o ther hand, com ponent R lies in front of com ponent B, an d th e spectrum consequently bears a g reater resem blance to th a t of R igel. T his is show n by th e lines jo in in g those of /3 Lyrae to th e sp ectrum of R igel in P la te 2. T he difference is especially noticeable in the case of th e lines near X4471, 4481, 4388, a n d in th e group of four lines a little less refran gible th a n Ha. I t w ill be seen th a t n e a r principal m inim um 4471 is stro n g er th a n 4481, as in B ellatrix, w hile ab o u t secondary minimum 4481 is stro n g er th a n 4471.
I f th e eclipses w ere to tal, th e variations of the sp ectru m m ight be expected to be still m ore strik in g .
7. I n addition to dark lines there are several bright , which change their positions w ith respect to the dark ones.
T he p h o to g rap h s show conspicuous b rig h t lines about wave-lengths 4862(H^), 4715, 4471, 4388, 4 3 4 0 (H y), 4101 (H a), 4025, and 3887(H^-). O th er fa in te r ones also ap p e ar in some of th e best photo graphs. T he line a t 4471 (L orenzoni's f ) is th e well-know n line w hich appears in th e spectrum of th e solar chrom osphere, and those a t 4025 an d 4715 are am ongst th e b rig h te st lines p h o tographed with th e p rism atic cam era d u rin g th e to ta l eclipse of th e sun on A pril 16, 1893.
T he displacem ents of th e b rig h t lines described by P ick erin g are confirm ed in th e m ain by th e K ensington photographs. I n the first seven ph otographs in P la te I ta k e n betw een principal an d secondary m inim um , th e b rig h t lines lie on th e less refrangible sides of th e dark ones, a t secondary m inim um th e broad b rig h t lines are almost bisected by d a rk o n e s ; while from secondary m inim um to prin cipal m inim um th e b rig h t lines are m ore refrangible th a n the dark ones. The investigation of th e m ovem ents of th e b rig h t lines must, however, be now carried on in th e lig h t of the know ledge gained w ith reg ard to th e existence of tw o sets of d a rk lines.
I f we consider th e displacem ents of th e b rig h t lines w ith reference to th e d ark lines of com ponent R , we find th a t they are always in the same direction as those of com ponent B w ith respect to R . Thus in th e first h alf of th e period, th e b rig h t lines, as well as th e d ark lines of com ponent B, are less refrangible th a n those of component R, while d u rin g the second half th ey are m ore refrangible. The b rig h t lines, however, do n o t keep a constant position w ith respect to those of com ponent B, alth o u gh displaced in the same direction.
8 . The bright lines are brightest soon after secondary m inimum.
If the brig h tn ess of th e lines in re ality rem ains constant, they will appear relatively b rig h te st a t th e tw o m inim a, ow ing to th e reduction of continuous sp ectrum w hich is associated w ith th e increased b rig h t ness of the s ta r a t m axim um , and fo r th e same reason th ey should appear b rig h ter a t p rin cip al th a n a t secondary m inim um . E stim ates of tbe brightness of th e lines in re la tio n to th e continuous spectrum hare been m ade ind ep en d en tly by four of m y assistants, and, although estimates of th is k in d are liable to error, th e general agreem ent is sufficient to in d icate th a t w hen all allow ance is m ade fp r th e vai'y ing continuous spectrum , th e re is a m axim um of b rig h tn ess of th e b rig h t lines about h alf a day a fte r secondary m inim um .
T he ap p aren t increase of b rig h tn ess n ear p rin cip al m inim um seems to be due solely to th e reduced in ten sity of th e continuous spectrum .
I have to express m y obligations to M essrs. Eow ler, B axandall, Shackleton, B u tle r, W ardale, C rabtree, a n d N o rth , who, a t different times, have assisted in ta k in g th e photographs. Orion. 285 XIII. " On the Photographic Spectrum of the G reat Nebula in Orion." By J. N o r m a n L o c k y e r , C.B., F.R.S. Received June 13, 1894.
1894.] Photographic Spectrum o f the Great Nebula in
(A b stra ct.)
The paper consists of a description a n d discussion of p hotographs of tbe spectrum of th e O rion N ebula, ta k e n w ith th e 30-inch reflector at W estgate-on-Sea in F ebruary, 1890, of w hich a prelim inary account was com m unicated to th e R oyal Society a t th e tim e. F iftyfour lines are tab u lated as belonging to th e spectrum of th e n eb u la, nine of th em being due to hydrogen. Tables are given sh o w in g .
1. The w ave-lengths, intensities, and probable origins of th e lines photographed in th e spectrum of th e nebula. 2. A com parison of th e lines in th e spectrum of the nebula w ith lines in th e spectra of (a) P. Cygni, ( 6) b rig h t line stars and p lan etary nebulas, and (c) stars in Groups I I , III* and IV , of th e classification according to the m eteoritic hypothesis.
The complete discussion has led to th e following general conelusions:-1. The spectrum of th e nebula of O rion is a compound one con sisting of hydrogen lines, low tem p eratu re m etallic lines and flutings, and h ig h tem perature lines. The m ean tem perature, however, is relatively low.*
